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Abstract

We have studied the effects of induced off-diagonal disorder on pump–probe spectra in J-aggregates. Changes of the

disorder, i.e. randomness in excite energy of site molecules and inter-molecular coupling within a meso-aggregates, is

considered by introducing different random Hamiltonian matrices for two ensembles of aggregates. The theory allows

to interpret the intensity-dependent spectra on the J-aggregates as contributed from the combined action of exciton–

exciton annihilation and subsequent dynamic disordering processes. The possibility of the transient stage of aggregate

ensembles exhibiting lasing due to the excess off-diagonal disorder is demonstrated.

r 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

J-aggregates are of practical and theoretical
interest because of their specific photo-physical
and spectroscopic features including huge non-
linearities and excitation transfer phenomena.
Now it is well established, that collective excita-
tions of the aggregate (one- and two-exciton
states) are responsible for the spectral properties
and excitation kinetics in aggregated systems. A
number of theoretical and experimental studies [1–
11] have been devoted to different aspects of this
problem.
It should be noted, that intensity dependent

differential absorption spectra were found as
characteristic for molecular aggregate [3,4,12].

This appears primary due to the exciton–exciton
annihilation effects [13,14] which was found as
becoming great importance in forming the optical
response of the aggregate subsystem as the pump
intensity rises. Despite huge efforts has been made
to avoid the nonlinear effects of such type in
experimental investigations, intensity dependent
measurements provide a new information on
structure of nano-materials as well as the dynamics
of the excitation and are of primary interest for
opto-electronics and nano-technology.
Annihilation and the amount of disorder in the

aggregated chain affect the optical response in a
great deal under the strong excitation conditions
and both processes are closely related to each
other. Actually, the annihilation rate in the
aggregate exhibits a dependence on the coherence
length (the number of molecules over which the
excitation is delocalized). On the other
hand, energy degradation processes (after the
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annihilation event) in molecular aggregates may
result in the rotation of the aggregate moiety
around its axis, producing change of inhomogene-
ity i.e. reducing the coherence length. Because
eigenvalues of the eigenstates and the transition
strengths of disordered aggregate depend on the
amount of disorder, any changes of disordering
parameters (arising after exciton–exciton annihila-
tion due to the produced excess energy degrada-
tion e.g.) will strongly affect the difference
absorption spectra of linear aggregate. Recently
we have demonstrated [15–17] that rise of the off-
diagonal disorder after strong excitation and
subsequent energy degradation processes in mole-
cular aggregate may, in principle, produce blue
shift of the difference absorbance spectra as
observed experimentally [3,4]. In the present paper
we provide a more comprehensive theoretical
analysis on the dynamics of exciton–exciton
annihilation produced disordering effects on the
pump–probe spectra in J-aggregate. It was found
in particular, that transient (hot) stages of an
aggregate under certain excitation conditions may
exhibit conditions for the lasing in the system.
Note that such a lasing from J-aggregated cyanine
dyes have been reported previously [18,19] but
lacks for reasonable explanation until now.
The paper is organized as following. We start

with the analysis of the energetic structure of the J-
aggregates in Section 2 by considering in standard
way an open linear chain of N two-level molecules
including the near-neighbor dipole–dipole cou-
pling with (static) diagonal and off-diagonal
disorder. A set of modified optical Bloch equations
for the analysis of the dynamic spectra processes is
derived here. In Section 3 we describe and discuss
the results of computer modeling.

2. Definition of the effective Hamiltonian and

calculation procedure

2.1. Stick spectra of linear aggregates (static

disordering)

In this section we recall a well known approach
[20–24] based on calculation of collectivized
excitonic states, which will further be used to

simulate the transient absorption spectra. We
consider the spectra of J-aggregates, modeling
the-aggregates as consisting of an ensemble of N

two-level molecules arranging a linear chain and
being coupled by the nearest-neighbor dipole–
dipole interaction. In fact, the molecular J-
aggregates in solution appear in long chains (over
10 000 units), the so-called macro-aggregate, where
the macro-aggregate is considered to be an
ensemble of meso-aggregates, with size distribu-
tion. But even under ideal preparation conditions
the meso-aggregate chain never becomes ideal and
contains a certain number of rotated molecule and
molecular segments. Under such conditions di-
poles of the individual molecules align in such a
way, that intermolecular dipole–dipole interac-
tions alter their values over the meso-aggregate
molecules (off-diagonal disorder). Additionally,
excitation energies of individual molecules exhibit
an inhomogeneous broadening (diagonal disor-
der). In what follows, we will assume the Gaussian
distribution for both excitation energies en and
intermolecular interaction Jmn; where n;m enumer-
ates molecules in the chain.
In order to establish an effective Hamiltonian

for the J-(meso)-aggregate, we assume that rele-
vant electronic excitations can be described in
terms of single molecular excitations. In this case
the Hamiltonian of such a chain may be written as
follows:

H0 ¼
XN

n¼1

enBþ
n Bn

þ
XN�1

n¼1

ðBþ
n Bnþ1Jn;nþ1 þ Bþ

nþ1BnJnþ1;nÞ; ð1Þ

where rising (lowering) operator Bþ
n ðBnÞ describes

the excitation (quenching) of a molecule.
In the case of the inhomogeneous chain of

interest the canonical transformation #F can be
determined numerically in order to diagonalize the
Hamiltonian H0: In the new representation (of
collectivized states ek) matrix elements Fkn deter-
mine the amplitude of kth eigenfunction on the site
n; i.e. the eigenfunctions of one-exciton states reads:

cðkÞ ¼
XN�1

n¼1

fknjnS; ð2Þ
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where jnS is the state with the nth site excited. The
eigenfunctions of two-exciton states can be written
in terms of summation of Slater determinants:

cðk1; k2Þ ¼
XN

n2>n1

XN�1

n1¼1

� ffk1n1
fk2n2

� fk2n1
fk1n2

jn1Sjn2Sg: ð3Þ

In general, eigenstates of the system in the N

energetic manifolds resulting from the application
of m creation operators in the mth manifold on the
ground state. For the appropriate analysis of the
pump–probe spectra only three bands of energy
levels have to be taken into consideration. The
annihilation processes, influence of which on
transient spectra will be taken into account, can
be described in the simplest way by considering
three energy bands. Those are: the lowest (ground)
state j0 together with two excited manifolds: jkS—
the first exciton manifold containing N single
exciton states, and jqS 
 jk1; k2S—the second
exciton manifold, containing NðN � 1Þ=2 two-
exciton states.
It is straightforward now to evaluate the spectra

resulting from transitions among ground-state,
one-exciton and two-exciton bands by introducing
the electric dipole moment operator #m ¼
m
PN

n¼1ðB
þ
n þ BnÞ: The explicit expressions for

quantities of interest: Mk
0 ¼ /kj #mj0S—electric

dipole matrix elements from the ground state to
the kth state in the first manifold, and
M

q
k ¼ /qj #mjkS—electric dipole matrix element

from the kth state in the first manifold to the state
characterized by excitonic ‘‘wave numbers’’ q 

k1; k2Þ in the second manifold may be calculated in
a straightforward way by using the wave functions
(2) and (3) [22–24].
In the presence of static disorder Mk

0 and M
q
k

constitute inhomogeneously broadened one- and
two-exciton bands of an aggregate. Making use of
the fact that the limited number of the eigenvalues
are responsible for the stick spectrum of the
disordered aggregate, further we restrict our
analysis to the three strongest transitions to
collectivized states in the first excited state mani-
fold ðk ¼ 1; 2;y; 5Þ and to the three most pro-
nounced transitions ðk ) q; Þ to the second
manifold of excited states. We illustrate the

validity of this restriction (within three excitonic
states) by presenting the negligible difference of
the spectra when taking into account biggest
number (10) of states in Fig. 1. Additionally, in
Fig. 2 ten typical realizations of the low-energy
eigenfunctions k ¼ 1 (a) and 5 (b) of the J-
aggregate ensembles are depicted for the same set
of standard deviations of the matrix elements Hmn

as in Fig. 1. Each plot also shows the correspond-
ing state oscillator strength fk (in units of the
oscillator strength of the separate molecule). It is
seen clearly from this figure, that the wave
functions for k ¼ 4 is of anti-symmetric p-type
mainly, exhibiting decrease in oscillator strength as
compared to state k ¼ 0; where all realizations
appear to be of s-type.
The spectra and wave functions are obtained

after numerical diagonalization of the Hamilto-
nian matrix ðN ¼ 100Þ of an aggregate with the
standard deviations of the offset energy Dn and
the inter-molecular interaction Jnm ðsJ and se;
respectively): sJ ¼ 0:20� jJ j; se ¼ 0:10� jJ j; jJ j ¼
600 cm�1Þ: To be more specific about the (in-
homogeneously broadened) spectra: the averaging
over the 10 000 realizations were performed in this

Fig. 1. Absorbance spectra of the J-aggregate ensembles,

depicted for the standard deviations sJ ¼ 0:20� jJ j;se ¼ 0:1�
jJ j of diagonal (energies of the individual molecules) and off-

diagonal (inter-molecular interaction) matrix elements Hmn;
respectively. The spectra are evaluated summarizing Lorenz-

type line shapes with 5 cm�1 width and differs in number of

collectivized excitonic states taken into account: 3 (solid line)

and 10 (dashed). Appropriate numbers of exciton delocalization

lengths are shown for the same cases by squares and circles,

respectively.
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case, summarizing inputs from particular aggre-
gate molecules exhibited to dynamic disorder. The
former was accounted for assuming the inputs
from particular excitonic states to be Lorentz-type
lines having their width 5 cm�1:

2.2. Basic equations for evaluation of the transient

pump–probe spectra

Kinetics of the induced changes in the system is
obtained now in principle by solving the corre-
sponding equations for the density matrix, which
is defined on the basis of given eigenfunctions as
follows: #r ¼

P
i;j jiS/jj and are governed by the

Liuoville equation:

i_
qr
qt

¼ ½r;H0 þ V  þ
qr
qt

� �
rel

þ
qr
qt

� �
annih

: ð4Þ

In our case Hamiltonian consists of the unper-
turbed part H0 and the perturbation V due to the
external optical fields applied. The two last terms in
Eq. (4) accounts for all complexity of the relaxation

and annihilation processes, respectively. We will
take the eigenstates of Hamiltonian H0: the vacuum
state j0S; five collectivized states of the first excited
manifold of the aggregate jkS ðk ¼ 1; 2;y; 5Þ; also
the collectivized states in the second excited
manifold of the aggregate as an unperturbed
eigenfunction basis of the system under considera-
tion. The Hamiltonian nonperturbed by external
fields therefore can be written as following:

H0 ¼
X

k

ekjkS/kj þ
X

q

eqjqS/qj: ð5Þ

In general, when the length of the aggregates is
smaller than an optical wavelength, the interaction
Hamiltonian V in the given basis takes the form:

V ¼
X

k

Mk
0 jkS/0j

þ
X

k

X
q

M
q
k jqS/kj þ c:c:; ð6Þ

where, as previously, index q stands for the
eigenstates in the second excited states manifold.

0 20 40 60 80 100

fk=11.63;

fk=18.67;

fk=16.22;

fk=12.06;

fk=10.81;

fk=19.55;

fk=11.11;

fk=15.83;

fk=12.07;

fk=8.43;

Site Number

0 20 40 60 80 100

fk=2.085;

fk=2.826;

fk=2.004;

fk=1.087;

fk=1.672;

fk=3.68;

fk=1.993;

fk=2.406;

fk=11.30;

fk=0.732;

Site Number(a) (b)

Fig. 2. (a,b) Typical realizations of the low-energy eigenfunctions k ¼ 1 and 5 of the J-aggregate ensembles depicted for the set of the

standard deviations of the matrix elements Hmn as in Fig. 1. Each plots also shows the corresponding state oscillator strength fk in units

of the oscillator strength of the individual molecule.
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Now the evolution can be described in the usual
way [24–26] by the Liouville equation of the
density matrix, giving the following equations for
the slowly varying amplitudes of material coher-
ences:

qr0;1kl

qt
¼ iD0;1

kl r
0;1
kl þ i

X
k;l

M0;1
kl

_

� Eðr0;1jj � r0;1kk Þ � Gklr
0;1
kl ;

D0;1
kl ¼

e0;1l � e0;1k

_
� o; kal ¼ 1yN; q ð7Þ

and populations:

qr000
qt

¼ 2i
XN

k¼1

M0
k0

_
½Enr0k0 � Er00k

þ g
XN

k¼1

r0kkr
0
kk; ð8Þ

qr100
qt

¼ 2i
XN

k¼1

M1
k0

_
½Enr1k0 � Er10k; ð9Þ

qr0kk

qt
¼ 2i

XN

k¼1

M0
k0

_
½Enr0k0 � Er00k þ wkþ1;kr0kþ1;kþ1

� wk;k�1r0kk � 2g
XN

k¼1

r0kkr
0
kk; ð10Þ

qr1kk

qt
¼ 2i

XN

k¼1

M1
i0

_
½Enr1k1 � Er11k þ wkþ1;kr1kþ1;kþ1

� wk;k�1r1kk þ g
XN

k¼1

r0kkr
0
kk; ð11Þ

when the following conservation law:

XN

k¼0

X
j¼0;1

rj
kk ¼ 1 ð12Þ

and initial conditions:

r000 ¼ 1; rj
ii ¼ 0 ðia0Þ; ð13Þ

holds, and E stands for the laser (pump and probe)
fields.
By deriving Eqs. (7)–(11), the relaxation pro-

cesses (relaxation of polarization as well as
population and annihilation) with characteristic
constants Gkl ; wkl and g were taken into account

by adding additional relaxation terms. As it was
noticed, we concentrate on effects of strong
excitation, i.e. when exciton–exciton annihilation
inevitable appears in the system. Here we consider
the exciton–exciton annihilation as an event
during which two population quanta disappear
in the first exited state manifold, creating the
populations on the ground and excited states. This
process is accompanied by excess energy creation
and, consequently, producing conditions for addi-
tional aggregate disordering. Actually, twisting of
the carbon–carbon bond can be discussed as a real
source for an additional off-diagonal disorder in
PIC J-aggregates. This mechanism, generally
believed to be responsible for internal conversion
to the ground state in polymethine monomer
molecule, may be considered as a ‘‘photochemical
funnel’’ for excess energy relaxation in two-fold
excited aggregate.
In order to account for the excess disorder

produced during excitation of the aggregate we
have considered two aggregate ensembles with
different amount of disorder were considered by
deriving Eqs. (7)–(11). The population redistribu-
tion between these aggregates, and were labeled
with the indexes 0 and 1, has been included here by
relaxation rate G01

qk from two-fold excited state of
the initial aggregate to the manifold of one-exciton
states of the additionally disordered one. The last
one is assumed without having any population
prior to excitation (as described by initial condi-
tion 13).
Calculation procedure involves the numerical

diagonalization of the matrix Hn;m for the certain
number (10 000 in our calculations) of disorder
realizations and the appropriate pump–probe
spectra Sðo; tÞ at a given frequency and delay
between the pump and probe pulses is determined
as an average of the product as follows:

Sðo; tÞBImfEPðo; tÞ/PnðoÞSg; ð14Þ

where EPðo; tÞ and PnðoÞ) are Fourier-transforms
of the probe field and the polarization (giving by
the summation over the all off-diagonal density
matrix elements), respectively. Asterisk in Eq. (14)
means the complex conjugation and /?S stands
for the average over the ensemble of the disordered
aggregates.
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3. Results of numerical analysis and discussions

Let us discuss parameters which we will choose
as a characteristic in the case under consideration.
As a pump parameter we will define the transition
rate y ¼ mnEL; where EL is amplitude of the pump
pulse at the maximum. We will take the pump
pulse duration as long as 0:2 ps and scale therefore
all the time-dependent parameters to 1 ps: Note,
that definition of the parameter y contains dipole
matrix element of the individual molecule of the
aggregate, therefore the transition to bottom states
in the first excited manifold of the aggregate is
enhanced approximately by a factor of Mk0: This
means that ‘‘saturation’’ of these transitions would
be approached by pump parameter yE2*p=Mk0

for the considered pump pulse, provided the phase
relaxation (homogeneous broadening of the line
shape) is in the order of pulse duration. It is well
known, that the homogeneous contributions from
the collectivized states to the line spectra are
considerably reduced due to the exchange narrow-
ing effect [27,28] and we will set this rate to 2 ps�1

in accordance with our previous evaluations [29].
The following values se ¼ 0:1� jJ j;sJ ¼ 0:20� jJ j
and se ¼ 0:1� jJ j; sJ ¼ 0:10� jJ j was taken for
the standard of the 0 and 1 ensemble, respectively.
Evidently, excess disordering reduces the annihila-
tion rates over the particular ensemble. For the
sake of simplicity we have restricted us to the case,
when exciton–exciton annihilation does not ap-
pear in the (additionally disordered) aggregate
ensemble 1.
Previously we have demonstrated [15–17,29],

that the rise of the off-diagonal disorder after
strong excitation and subsequent energy degrada-
tion processes in molecular aggregate produces
blue shift of the pump–probe spectra as observed
experimentally [3,4]. The origin of such a differ-
ence absorption spectra was explained by taking
into account exciton–exciton annihilation pro-
duced redistribution of the populations, which
diminish absorption due to the stimulated emis-
sion at the new (blue shifted) wavelength, when the
exciton–exciton annihilation and excess energy
produced disorder becomes considerable.
It is of great interest inspect conditions under

which the sign of the absorption spectrum of the

whole aggregate changes. i.e. the aggregate under
strong excitation, because change in sign of the
spectra hints for the appearance of the emissive
properties in the system. In Fig. 3 we present
aggregate spectra at delay time t ¼ 2 ps (solid line)
together with the initial spectra of the aggregate
(dashed line) depicted for two y ¼ 0:5 (a) and 1(b)
excitation strengths. Blue shifted emission is
produced here by induced excess disorder in the
aggregate ensemble after exciton–exciton annihila-
tion and subsequent relaxation to the transient
(with an excess disorder) stage of the aggregate

Fig. 3. Aggregate spectra at delay time t ¼ 2 ps (solid line) and

initial spectra of the aggregate (dashed line) depicted for

different excitation strengths: y ¼ 0:5 (a) and 1 (b). Blue shifted
emission is produced here by induced excess disorder in the

aggregate ensemble after exciton–exciton and annihilation

subsequent relaxation to the transient (with excess disorder)

stage of the aggregate ensemble characterized by the rates g ¼
10 and Gqk ¼ 2 ps�1; respectively (Pump pulse duration

tL ¼ 0:2 ps).
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ensemble. Influence of exciton–exciton as to the
effect (lasing properties of the excited aggregate) is
demonstrated in Fig. 4, where aggregate spectra
(solid lines) and initial spectra are depicted for the
case of different annihilation rates g ¼ 1 (a) and 10
(b) at the same strength.
To clear out the origin of the spectra presented

in Figs. 3 and 4 it is instructive to have a look at
the populations in the 0 and 1 ensembles of the
aggregates, presented in Fig. 5. Here population in
the first excited state of the aggregate 1 (solid line)
rises up after the excitation for the first hundreds
of femtoseconds and quenches after the exciton–
exciton annihilation becomes considerable. On the
contrary, population in the first excited state of the
aggregate 2 (dash line) rises up constantly due to
the population relaxation from the second excited
state manifold of the aggregate ensemble 0. The
ground state of the 1 aggregate is taken as not
populated initially, and population may be in-
duced to this state by pump field only in the case
when the excitation rate exceeds both annihilation
and energy degradation (from the two- to one-
exciton state) rate. In the case shown here
(Gqk ¼ 2 ps�1; tL ¼ 0:2 ps; y ¼ 10 ps�1Þ no consid-
erable population appears on this state, i.e.
population inversion appears. As a result negative
region in aggregate spectra appears, caused by

emission from the excited state of this ‘hot’
(excited and additionally disordered) segments in
the ensemble of aggregates.
In conclusion, we have examined disordering

effects on the absorption spectra in the ensemble
of linear aggregates after the exciton–exciton
annihilation event. We analyze the model in which
direct transformation of the excess energy, pro-
duced by exciton–exciton annihilation, appears
primary on a separated aggregate segment on
which the annihilation event has happened. The
transient changes of the off-diagonal disorder of
such an excited aggregate, considered here, pro-
duces as it were demonstrated previously [15–17]
blue-shift in the difference absorption spectra.
As it follows from the present analysis, under
certain relations between rates of the excitation,

Fig. 4. Influence of the exciton–exciton annihilation rates on

aggregate spectra (solid lines) are delay time t ¼ 2 ps after

strong excitation ðy ¼ 1Þ and initial spectra of the aggregate

(dashed lines). g ¼ 1 (a) and 10 (b); Other parameters: Gqk ¼
2 ps�1; tL ¼ 0:2 ps:
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annihilation and relaxation in the system, transient
stages exhibiting feature to lasing appears in
strongly excited aggregate ensemble.
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